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PROBLEMS AND SOLUTIONS. 301 

GEOMETRY. 

497. Proposed by NATHAN AI.TSHILLEB, University of Oklahoma. 

Find the locus of the mid-point of the segment determined by two spheres on any line passing 
through any point common to the two spheres. 

498. Proposed by FRANK B. MOBBis, Glendale, California. 

To trisect an angle ABC, on BA and BC take D and E equidistant from B. Using DE as a 
diameter draw the semicircle DFOE. With the same radius and D and E as centers draw arcs 
locating the points F and on this semicircle. Connect F and O with B. Prove that this method 
trisects a right angle and a straight angle and that it does not trisect an obhque angle. 

CALCULUS. 

415. Proposed by GEOBGE paaswell. New York City, N. Y. 

If r is the distance from a fixed point (x, y, z) to a variable point {x', y'), in the plane 
2 = 0; determine the values of the integrals \ J t dx'dy' and I / log (z + r)dx'dy' for the 

two cases 

(a) when the integration is extended over the surface of the circle of radius B; and 

(6) when the integration is extended over the surface of the rectangle of dimensions a, h. 

These integrals are special cases of the direct and logarithmic potentials, the densities of the 

surface distributions being taken as imity. 

416. Proposed by CHARLES N. SCHMALL, New York City, N. Y. 

If J. be a point on a cycloid and C the corresponding position of the center of the generating 
circle, show that AC envelops another cycloid half the size of the first. 

MECHANICS. 

332. Proposed by E. E. MOOTS, University of Arizona. 

In any quadrilateral ABCD whose diagonals AB, and BD intersect in E, lay off on AC from 
C, CF equal to AE. Join F to B. Jom G, the middle pomt of BE, to D. On GD lay off GM 
equal to one-third of GD. Prove that M is the center of gravity of the quadrilateral. 

333. Proposed by cliffobd n. mills, Brookings, South Dakota. 

A flywheel 21 feet in diameter makes 100 revolutions pec minute. The weight of a cubic foot 
of its material is 448 pounds. Show that the intensity of stress on a transverse section of rim, 
assuming that it is imaffected by the arms, is 1,176 lbs. per sq. in. If the safe stress permissible 
in the material is 6,000 lbs. per sq. in., show that the greatest speed at which the wheel can be 
run with safety is about 225 revolutions per minute. 

NUMBER THEORY. 

251. Proposed by HERMAN ROLAND KATNICK, Chicago, HI. 

Determine the character of the positive integer n so that the Diophantine system 

e + n = x\ z — n = y' 

shall have an integral solution; and exhibit a method for finding all the values of x, y, z for a given 
n of such character. 

252. Proposed by B. 3. MOtiLTON, Northwestern University. 

{A) Show that the number of integers x on the interval lO' ^ a; < IC+i which do not contain 
the digit 1 at least p times, p ^ r, is 

9 -{[first p terms of expansion of (9 + 1)'] - ,Cp-i-9'-»} 

where ,Cp-i is the coefficient of x^~^ in the expansion of (1 + x)'. 

(B) Show that the number of integers x on the interval lO' ^ a; < lO'+i which do not contain 
the digit at least p times, p ^ r, is 

9 • [first p terms of expansion of (9 + 1)"]. 



302 PEOBLEMS AND SOLUTIONS. 

253. Proposed by hekbekt n. cableton. West Newbury, Mass. 
Prove that n?''*' — n"' = (mod 20) for integral values of n and k. 

SOLUTIONS OF PROBLEMS. 

ALGEBRA. 

452. Proposed by CLIFFORD N. Miixs, Brookings, S. Dak. 

Find in the form of a continued fraction the positive root of the equation a' — 2a; — 5 = 0. 

Solution by Horace Olson, Chicago, Illinois. 

Since the left member of this equation is negative for a; = 2, and positive for x = 3, the posi- 
tive root of this equation can be written 2 + (l/xi), where xi > 1. Substituting this expression 
for X, we obtain 

Xi^ - 10x2^ - 6a;2 - 1 = 0. 

By trial, we find that this equation has a root between 10 and 11. 

Putting a;2 = 10 + (llxs), we obtain 61xb' - Ux,^ - 20a;3 -1=0. 

This process can be continued as far as may be desired. A convenient way of making the 
substitutions is to use Homer's method of solving equations and then to reverse the order of the 
terms of the equation resulting from each step. R:om the nature of the process it is evident 
that each of the successive equations has one, and only one, root greater than 1, since the original 
equation has one, and only one, root between 2 and 3. The root of the original equation will 
then be 

2+J-JL-J-.... 

a;i + a;2 + xs + 
This I find to be 

2+1 111111 



10 + 1 + 1+2 + 1+3 + 1 + 

Also solved by H. C. Feemster and J. W. Clawson. 

453. Proposed by A. i. KEMPEK, University of Illinois. 

Is the series, whose terms are the reciprocals of all positive integers not containing the figure 
0, convergent or divergent? 

Solution by E. J. Moulton, Northwestern University. 

I shall prove the following proposition: 

The series S whose terms are the reciprocals of all positive integers not containing the digit 
at least p times, where p is any positive integer, is convergent. 

Let us group the terms of S according to the number of digits required ia writing the integers ; 
that is, into groups gi, gi, • • • where the denominators Xr+i of the terms in Sr+i satisfy the relation 

IC < xr+i < lO'+i. 

The number of terms in ffr+i can be shown to be 

(1) N{r + 1) = 9 -[first p terms of the expansion of (9 + 1)'] 

= 9-[9'- + rCig'-l + rC2&~^ + • • • + rCy-lO'-'+l]. 

When r g 2(p — 1) we have rCi < rCi < tCb • ■ • < rCp-u and hence, 

N(r + 1) ^g-rCp-l-Q'-p = 9'-+'-p- '•('• - l^' •^^''^~ P + ^) < Qr+l.p.yp-l. 

Since each term in gr+i is ^ I/IO', we have, when r ^ 2(p — 1), 



